This paper introduces the design of a specific landing gear retraction system presenting a mechanism with four redundant side stays and examines its dynamic behavior during the folding and unfolding processes. First, a concept design of a four-side-stay landing gear retraction system is presented. To get the particular motion during folding and unfolding, the main kinematics parameters are given. Then, the influence of the side stay's kinematic redundancy on the mechanism parameters is examined. Because the mechanism is overconstrained, the allowable parameters belong to a specific region of the space called feasible region. Finally, a dynamic analysis of the over-constrained system is executed by using the Newton-Euler approach and compliant equations. Numerical simulations indicate that this kind of landing gear retraction system equitably share the loads between different side stays, and therefore, the total load at one side stay is greatly reduced.
Introduction
Landing gear, also referred to as undercarriage, is one of the most important functional parts of an airplane to be considered during its design. It not only ensures the smoothness of the landing and take-off, the taxiing on the landing strip, but also is the part of the airplane where the maximum load, static or dynamic, is reached. Despite being a crucial part of the airplane, landing gear had various designs and mechanisms over the years that change from one manufacturer to another, from one model of airplane to another [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The literature for the design of an aircraft and its systems, notably of landing gear's mechanisms, is relatively old [11] [12] [13] [14] [15] and mainly focuses on its kinematic analysis. Moreover, it mainly explores the conventional one-side-stay landing gear retraction system and few references examine some complex designs. Recently, Sadraey developed a system engineering approach [16] to design an aircraft and its systems. Rajesh and Abhay analyzed the stress distribution and deformation on the aircraft's nose landing gear [17] when being subject to the external loads. It appears with finite element analyses that the deformations at the attachment point of the side stay are relatively important compared to the rest of the structure. One solution to reduce the loads at the attachment points between the landing gear and the aircraft frame is to add a second side stay to the retraction mechanism as done by Knowles et al. who modeled a dual-side stay landing gear mechanism and analyzed its behavior with respect to the side stay angle [18] . Luo and Zhao designed a double-lock landing gear mechanism [19] to achieve higher stiffness, strength, and reliability of the system. The Sarrus mechanism [20] , represented in Fig. 1 and known as one of spatial overconstrained mechanisms, only composed of revolute joints, is capable of transforming rotational movement into a translational one. This special mechanism was proposed by Sarrus in 1853. The square end effector C 1 C 2 , connected through two kinematic chains to a fixed square base A 1 A 2 , follows a rectilinear and straight line along z-axis. This mechanism allows the end effector to have a limited workspace and has better mechanical characteristics compared to its similar counterparts such as the Peaucellier-Lipkin mechanism. Although the stiffnesses along xdirection and y-direction are very high, there is virtually no stiffness along the movement of the end effector C 1 C 2 with respect to
The present contribution is a novel overconstrained landing gear retraction system that presents four side stays symmetrically arranged around the strut to ensure the folding and unfolding processes of the landing gear. The linkage is similar to an overconstrained Sarrus mechanism presented in Fig. 1 , but here A 1 C 1 is not parallel to the z-axis, i.e., the difference of abscissa between A 1 and C 1 is not zero. Doing that, the loads applied at the attachment points are reduced-because there are more attachment points-and the mechanism has different properties from the conventional one. Examining the dynamics of such a redundant mechanism is quite challenging and complex. Recently, Garc ıa and Gutierrez-Lopez [21] consider positive-semidefinite inertia matrices and redundant constraint equations to give a rule about the existence, uniqueness and solving of the dynamic equations when the constraint forces are not entirely determined. Wojtyra et al. [22, 23] review and compare different methods of handling redundant constraints when calculating the dynamics of multibody systems (elimination of redundant constraints, pseudoinverse-based calculations, and augmented Lagrangian formulation). The pseudoinverse-based approach includes the Moore-Penrose pseudoinverse matrix used by Udwadia and Kalaba [24] to determine a solution to the system of equations with initial infinite solutions. Callejo et al. [25] propose a unique minimum norm determination of the reaction forces in multibody systems where it exists in theory infinite solutions to the system of dynamic equations. The conditions where the problem has nonunique solution are given and a normalization minimum solution is examined in order to obtain one unique solution. Gonz alez and Kovecses [26] give a method using penalty formulations to calculate the dynamics of multibody systems that have redundant constraints. The structural properties of the structure are then used to model compliant equations that can be used to determine a unique and simple solution that accurately approach the constraint forces of the multibody system.
Although these models are good to predict the dynamic behavior of complex systems, they are general and do not consider specific situations, symmetrical arrangements as the one examined here. In this paper, after describing and giving the characteristics of the proposed landing gear retraction system, its kinematics parameters are investigated. Because the system is overconstrained, the parameters of the mechanism cannot be randomly chosen and the allowable values for these parameters will be calculated. Finally, the dynamics of the retraction system is examined and numerically calculated through the Newton-Euler approach in order to obtain the forces and torques at the different joints of the mechanism.
Characteristics of the Landing Gear Retraction Mechanism
The new design of a landing gear retraction system presented in this paper does not have one unique side stay to fold the strut like the conventional landing gear retraction systems have, but has four side stays symmetrically arranged around the landing gear strut as shown in Figs. 2 and 3 . Therefore, the landing gear strut is connected to the aircraft frame through four kinematics chains A i B i C i at point C i (i ¼ 1, 2, 3, 4), each of the chains is composed of two links A i B i and B i C i and three revolute joints at points A i , B i , and C i . The coordinate system used in the paper is such that the origin is the intersection point between lines A 1 A 3 and A 2 A 4 , the zaxis is along the landing gear main axis, the x-axis is along the line A 1 A 3 and the y-axis is chosen to obtain a right-handed coordinate system as shown in Fig. 3 . The arrangement of the side stays is such that the side stay A 3 B 3 C 3 is the symmetry of the side stay A 1 B 1 C 1 with respect to the plane p 2 composed by the side stays A 2 B 2 C 2 and A 4 B 4 C 4 and the strut's main axes. Similarly, as displayed in Fig. 3 , it appears that the side stay A 4 B 4 C 4 is the symmetry of the branch A 2 B 2 C 2 with respect to the plane p 1 composed by the side stays A 1 B 1 C 1 and A 3 B 3 C 3 and the strut's main axes. The angle between the planes p 1 and p 2 is denoted as 2b in Fig. 3 . The whole retraction system is then connected to the aircraft frame and actuated at points A i (i ¼ 1, 2, 3, 4) via journal bearings. A journal bearing is a journal rotating in a bearing with a thin lubricant film separating the two elements. The lubricant layer limits the metal-to-metal contact, removes instabilities, and subsynchronous vibration by providing damping and is able to absorb impact loads. In addition, it gives flexibility for the positioning of the side stays during the assembling of overconstrained mechanism.
The motion of the landing gear strut can be geometrically determined. The side stays A 1 B 1 C 1 and A 3 B 3 C 3 , only composed of revolute joints, constrain the mechanism and only authorize a motion of the strut within the plane p 1 . On the other hand, the motion of the end effector is similarly constrained by the side stays A 2 B 2 C 2 and A 4 B 4 C 4 so that the strut can only move within the plane p 2. Thus, the motion of the end effector is limited to the intersection of the two planes p 1 and p 2 , which is a straight vertical line passing through the main axis of the strut. Thus, the landing gear using the proposed four-side-stay mechanism can only go upward and downward along the z-axis while folding and unfolding, respectively. There is no rotation and translation of the strut allowed by the retraction system except the translation along the main axis of the landing gear strut. Because there are at least one left and one right main landing gears in an aircraft, using this four-side-stay mechanism, which makes the landing gear strut move along a vertical direction, leads to a constant horizontal distance between landing gears. Doing that, the wear of the wheels is reduced and the handling and ride of the aircraft on the landing strip is improved. In order to obtain a retraction mechanism with the same stiffness and strength that the current systems have, the design of the mechanism can be made more compact so that the weight of the whole system is reduced, which is an important criterion in aerospace and aeronautic applications.
Kinematics and Influence of Over-Constraints on the Mechanism
To numerically investigate the folding/unfolding dynamics of the landing gear retraction system, the kinematic characteristics of the mechanism should be first examined. In this section, the kinematic parameters and their corresponding derivatives are obtained from the constraint equations of the mechanism. These constraint Transactions of the ASME equations also limit the range of allowable parameters that can be used to realize the mechanism.
3.1 Kinematic Analysis of the Mechanism. From the concept design above, it has been shown that the landing gear strut only moves in a vertical and straight direction along the z-axis: the closed chains in the mechanism impose four kinematic constraints that reduce the degree-of-freedom of the retraction system and limit its motion. These four kinematic constraints reflect the fact that the distances between the fixed points A i (i ¼ 1, 2, 3, 4) are fixed on the fuselage of the aircraft. Because the links A i B i and B i C i (i ¼ 1, 2, 3, 4) are exactly the same and they are symmetrically arranged around the strut, no distinction between the four elements will be made so that the simplified notation AB and BC will be used in this paper. Moreover, the rotation invariance of the mechanism about the z-axis makes the four kinematic constraints identical and they are expressed as
where x A and x C are the abscissae of points A and C, l 1 and l 2 are the lengths of links AB and BC, h and u are the angles between the horizontal axis and the main axes of the links AB and BC, respectively. Since the motion of the landing gear strut depends on both angles h and u, and is constrained with Eq. (1), there is only one degree-of-freedom for the proposed mechanism. The degree-offreedom is here chosen to be h because its value can directly be controlled by the actuator at point A. Therefore, the expression of hðtÞ is independent of the mechanism and only depends on the input of the actuator. For the purpose of numerical simulations, hðtÞ will be a sinusoid whose minimum and maximum points are the initial and final values of h during the folding and unfolding of the landing gear strut. The minimum value of hðtÞ is when the strut is fully unfolded and h equals u as shown in Fig. 4 (a). The minimum value is then calculated with classic trigonometrical formula by considering that the initial values h min and u min are equal
On the other hand, the maximum value corresponds to the situation where the strut is at its lowest altitude z min as shown in Fig. 4(b) . First, the expression of the ordinate of the landing gear strut is obtained from the system of two equations connecting the position of the landing gear strut to the parameters of the retraction mechanism
where uðh ¼ h max Þ is the value of angle u when h ¼ h max .
By squaring the system of Eq. (3), one can remove uðh ¼ h max Þ and obtain
Finally, one can obtain the expression of h max by solving the second-order equation (4) with respect to the variable
where
Therefore, a sinusoidal expression of h(t) is gained
where T is the period of hðtÞ and h min and h max are the expressions derived in Eqs. (2) and (5). The first and second derivatives of hðtÞ are then obtained
Because the system only has one degree-of-freedom, the expression of uðtÞ only depends on the expression of h(t). To get this expression, uðtÞ has to be isolated from Eq. (1) Then, the expressions of _ uðtÞ and € uðtÞ are then obtained by calculating the first and second orders of derivatives of constraint Eq. (8) with respect to time
The position of the masse centers r 1 of link AB, r 2 of link BC and r 3 of the landing gear strut are given by
The acceleration of links AB and BC are named a 1 , a 2 and a 3 , respectively, and can be obtained by deriving their mass center's position vectors whose expressions are given in Eq. (10)
Since the motion of the landing gear strut is constrained by redundant links, the speed and the acceleration of the landing gear strut along x-direction equal zero so that expression (13) turns into
Motion Constraint Equation and
Feasible Region of the Mechanism. In addition to limit the motion of the landing gear strut, the overconstraints also limit the allowable parameters of the mechanism. Indeed, by isolating the term depending on the angle u of link BC given in Eq. (1), one can obtain Eq. (14) . Then, because the cosine function is bounded between À1 and 1, one inequality which embodies a limited region of space is obtained from the constraint equation shown in Eq. (15)
Besides the aforementioned inequality, other inequalities have to be considered in order to get a feasible mechanism and display its allowable parameters: all of the distances (l 1 , l 2 and x A À x C ) have to be positive to get a realistic model. Finally, the allowable parameters of the mechanism considering its kinematic constraints comply with the following inequalities:
The set of inequalities (16) 
Using this result, the system of Eq. (16) can be restricted to
The feasible region of the mechanism obtained from the system of Eq. (17) is a complex three-dimensional polygon as it has been displayed in Fig. 6 using MATLAB R2016b. If the parameters do not belong to this region of the space, the mechanism is not possible and the kinematic and dynamic expressions are complex functions. Therefore, the parameters l 1 , l 2 and x A À x C have to belong to this region of the space to obtain a feasible mechanism. These results will be used in further numerical applications in order to model a realistic mechanism for the retraction system's dynamic analysis. Transactions of the ASME
Folding/Unfolding Dynamics and Numerical Simulations of the Retraction Mechanism
The retraction mechanism with four side stays proposed in Fig. 1 constrains the end effector so that it can only be raised and lowered along a straight and vertical line as shown in the concept design of Sec. 2. In this section, an investigation on the dynamics of the retraction system will be discussed through the Newton-Euler approach. Contrary to the Lagrangian approach which is an energy-based method that does not need to consider the internal forces of the mechanism, the Newton-Euler approach has to consider the mechanism as a multirigid body and leads to, among other things, the expression of the forces acting on the different joints of the mechanism. In three dimensions, there are three Newton equations describing the translational dynamics and three Euler equations describing the rotational dynamics for each rigid body. Zhao et al. proposed a method to investigate the dynamics of an overconstrained suspension mechanism [27] that can be used to determine the forces and actuation moment describing the dynamics of the retraction system.
Theoretical Dynamics of the Landing Gear Retraction
System. Dynamics is the study of a moving mechanical system under the influence of applied torques and forces. The present dynamic analysis concerns the unfolding and folding processes of the landing gear, i.e., during flight so that there are no external forces acting on the landing gear structure. Assuming that the structures and the motions of the four-side-stay mechanism are strictly identical, one can first consider the dynamics of one side stay and then, extrapolate the result to the other side stays to get the analysis for the whole system. When using revolute joints, there are three internal forces and two internal moments at the joints. However, in this situation, the mechanism of one side stay is a planar mechanism so that there are only three internal forces and one moment perpendicular to the mechanism's plane at each joint. Given that all the joints are revolute ones, there is no moment around the joint direction, i.e., there is no internal moments to be considered here. The links AB and BC, and the landing gear strut are assumed to be rigid and uniform so that the mass center of each coincides with its geometric center of gravity.
The rotations of links AB and BC, that can be regarded as rods, are only around the y-direction. In this situation, the inertial accelerations of the links are given by where I ij represents the moment of inertia about the ith direction when the rod is rotating around the jth direction and _ x is the rotational acceleration of the rod around the y-direction. Because the links remain within the xOz-plane, I yy ) I xy and I yy ) I zy so that only the inertial acceleration along the y-direction will be considered in the following analysis and noted as J i (i ¼ 1 for link AB and i ¼ 2 for link BC).
The Newton-Euler equations of the link AB can be obtained from its free-body diagram illustrated in Fig. 7(a) . There are three Newton equations (18) and three Euler equations (19) to represent the translational and the rotational dynamics of the link, respectively,
where F AB is the resultant of the internal forces acting on link AB; m 1 , l 1 and a 1 are the mass, length and acceleration of link AB, respectively; T 1 and M 1 are the inertial torques of the link and the actuation moments at point A, respectively; e AB is the unit vector passing through points A and B, and g the acceleration of gravity; c 1 and c 2 are the viscous friction coefficients of moment of revolute joints A and B, respectively; x 1 ¼ _ h and x 2 ¼ _ u are the absolute angular velocity of links AB and BC, individually.
Using Eq. (11), the Newton equations (18) can be developed into
and the Euler equations (19) can be transformed into where F Ax ; F Ay ; F AZ À Á and F Bx ; F By ; F BZ À Á represent the forces along the three directions x, y, and z, as displayed in Fig. 3 , acting at points A and B, individually; J 1 is the moment of inertia of the link about the y-direction
where F BC is the resultant of the forces acting on link BC; m 2 , l 2 , and a 2 are the mass, length and acceleration of link BC, respectively; T 2 and M 2 are the inertial torques of the link and the actuation moments at point C, respectively; and e BC is the unit vector passing through points B, c 3 is the viscous friction coefficient of moment of revolute joint C. There is no actuation torque acting on link BC so that M 2 ¼ 0. Then, using Eq. (12), the Newton equations (22) can be simplified into
and the Euler equations (23) are then developed into
where J 2 is the moment of inertia of the link BC about y-axis and F Cx ; F Cy ; F Cz À Á represents the forces acting at point C along the three directions x, y and z, as displayed in Fig. 7(b) .
The Newton-Euler equations for the landing gear strut are then given in the matrix form
where F strut is the resultant of the internal forces of the structure acting on the strut, F Ci are the resultants of forces acting at point C i , e Ci are the unit vectors passing through the mass centers and the points C i (i ¼ 1, 2, 3, 4), l 3 is the length, m 3 is the mass, a 3 is the acceleration, T 3 is the inertial acceleration of the landing gear strut, M 3 the actuation torque on the strut, and x 2;i is the angular velocity of joint C i . There is no rotation and no actuation on the strut so that T 3 ¼ 0 and M 3 ¼ 0.
Considering there are only three forces and two moments acting on each of the 12 revolute joints in a planar configuration, the landing gear retraction proposed in this paper has 12 Â 5 ¼ 60 reaction components. The mechanism comprises 2 Â 4 þ 1 ¼ 9 links so that there are 9 Â 6 ¼ 54 equilibrium equations and one actuation torque, which have to be computed to describe the system. Therefore, the system has a degree of indeterminacy equalling 7. A sensible solution of the problem cannot be computed without considering the link and joint compliances. It can be achieved by examining the symmetry properties of the structure. During the folding/unfolding processes of the landing gear, the only load on the structure is its self-weight that is along the rotational axis of the structure. Thus, there is no reason to consider asymmetric forces, i.e., each force equals the corresponding one in another side stay and
where F Cix ; F Ciy ; F Ciz À Á and M Cix ; M Ciy ; M Ciz À Á represent the components of the force and moment acting at point C i (i ¼ 1,2,3,4) as shown in Fig. 8 and can be summarized as F Cx ; F Cy ; F Cz À Á . Then, by using the compliance of the mechanism, one can obtain the simplified Newton-Euler equations for the landing gear strut
Because of the symmetry of the four side stays around the landing gear strut in the design proposed and the absence of external forces during unfolding and folding processes, there is no torsion or bending moment of the strut so that no torques have been considered at joints B and C. This system of equations does not explicitly depend on the side stay angle 2b. Therefore, the angle between sidestays has no significant influence on the internal loads applied on the mechanism like what has been demonstrated with the dual side stays landing gear mechanism by Knowles et al. [18] . Finally, there are ten nonzero equations among the systems of Eqs. (20), (24) , and (28) and ten unknowns (nine forces and one actuation torque). Having considered the symmetry of the structure while dealing with an overconstrained mechanism has allowed to remove the uncertainties of the problem. To solve these equations, one can put the systems of equations into the matrix form Ax ¼ b, where A is a 10 Â 10 square matrix (29) and x is the 1 Â 10 column matrix (30) containing ten unknown and nonzero forces and torques (F Ax ; F Ay ; F Az ; F Bx ; F By ; F Bz ; F Cx ; F Cy ; F Cz and M), and B is a 1 Â 10 column matrix (31) It is very convenient to get the solutions of a system in the form of matrices (29), (30) and (31). The system of equations will be numerically solved in order to obtain the expressions of the forces and torques at different joints of the mechanism.
Numerical Simulations and Results.
The following simulations have been executed using MATLAB R2016b. For the purpose of numerical simulations, the parameters l 1 , l 2; and x A À x C of the retraction system previously described have been chosen so that the constraint Eq. (1) is respected and that these parameters belong to the feasible region displayed in Fig. 6 . Therefore, we have l 1 ¼ 0.6 m, l 2 ¼ 0.4 m, and x A À x C ¼ 0.4 m. Then, the material of the structure chosen is the Ti-6Al-6V-2Sn alloy, an alloy of titanium with 5-6 mass percent of aluminum, 1-2 mass percent of tin and 5-6 mass percent of vanadium. This material is frequently used for aircraft applications because it has a high yield stress of 1210 MPa but also has a low density of 4.54 g cm À3 . Moreover, that specific alloy can also be subject to heat treatments in order to strengthen it. The mass of link AB is m 1 ¼ 6:4 kg, the mass of link BC is m 2 ¼ 4:5 kg and the mass of the strut and wheels is m 3 ¼ 502 kg with moments of inertias of J 1 ¼ 0.222 kg m 2 and J 2 ¼ 0.065 kg m 2 , individually. Finally, the viscous friction coefficients of moment of the revolute joints are identically equal to c ¼ c 1 ¼ c 2 ¼ c 3 ¼ 1Nms=rad. From these data, the variations of the kinematic parameters are obtained in Fig. 9 , and then, the variations of the reaction forces and actuation torques are deduced and displayed in Fig. 10 during two cycles of folding inside and unfolding outside the wheel wells. As shown with an increase of h in Fig. 9 , the landing gear strut is first folded. During the folding motion, i.e., while h is increasing, u decreases first, but then increases irrespective of the chosen shape for h (here sinusoidal).
From Fig. 10 , it appears that the reaction forces of joints A, B and C have similar shapes and intensities. The components along the y-axis of the forces at different joints have been shown to equal zero. One can notice from Fig. 10 that the components of the forces along the z-direction at points A, B and C are almost always constant. Moreover, when the landing gear is fully folded, the components along the z-axis reach local maximum. On the other hand, when the landing gear is fully deployed, the components along the x-axis reach global minimum. In the four-side-stay mechanism, the forces, and thus the loads, are evenly distributed between the links AB and BC. These results can be used in further analyses to optimize the dynamic stiffness or strength of the mechanism.
Prototype Fabrication
When manufacturing and assembling overconstrained mechanisms, some axial misalignments, link dimension errors or other unpredictable issues can occur and lead to a decrease of the number of degrees-of-freedom of the mechanism or an impossibility of assembling for larger deployable structure. Joint clearance [28] is one of the solution used to tackle these issues and facilitate the assembly of the mechanism without weakening the structure. A prototype of the landing gear retraction system with four side stays presented in this paper has been manufactured by using a 3D printer in order to address any potential manufacturing issues. The prototype shown in Fig. 11 has been realized by respecting the mechanism's feasible region calculated in Sec. 3. In order to obtain identical structural and dynamic properties for each of the side stay, the angle between the two planes p 1 and p 2 is selected to be 2b ¼ p=2. In this specific configuration, the structure is invariant through a rotation of p=2 around the landing gear main axis. Moreover, the support of the system can here be chosen as a square to reduce the storage space of the mechanism shown in Figs. 11(c) and 11(d).
As predicted in Sec. 2, an actuation of the prototype at joint A results in a vertical translation of the landing gear strut. In addition, several experiments have shown that the actuation of one unique joint A is sufficient to activate the whole mechanism and complete the desired motion and that the system can be deployed under the action of its own weight. Then, redundant and independent actuators can be used to realize the motion, which augments the reliability of the folding and unfolding processes. This characteristic is specific to the overconstrained/redundant mechanisms. The distance x A from the center of the strut to point A, the lengths l 1 and l 2 of the links AB and BC, the radius of the strut x C and the shape of the support are parameters that can be adjusted from one design of aircraft to another one in order to comply with its requirements such as its ground clearance, the sort of landing gear system used, and its number of wheels, etc., on conditions that these parameters still belong to the feasible region displayed in Fig. 6 .
Conclusions
A novel design of landing gear retraction system has been presented in this paper. Instead of having only one side stay to fold the landing gear into the wheel wells, this design has four redundant side stays symmetrically situated around the strut to ensure the motions. Then, the way this mechanism acts on the landing gear differs from the existing ones used in the airplanes. Indeed, instead of rotating to be unfolded outside or folded inside the fuselage, the landing gear using such a new retraction mechanism only goes up and down while being folded and unfolded because of the redundant side stays. The impact of those redundant constraints on the mechanism and its properties has been studied. It appears that the parameters of a mechanism with redundant constraints cannot be arbitrarily chosen and that these parameters have to be located inside a specific domain called feasible region.
An investigation was then conducted to determine the influence of the over-constrained mechanism on the dynamics of the system when the landing gear is unfolded and then folded. For this purpose, the Newton-Euler approach considering both translational and rotational dynamics has been used. The advantages of this approach over the Lagrangian approach is that it is not considering the mechanism as a whole system, but leads to the expressions of torques and forces acting on each joint of the mechanism. Finally, numerical simulations have been conducted to display the dynamics of the retraction system. Numerical simulations show that the loads are equitably distributed throughout the four side stays and that the forces and torques at the different joints are in the same order of magnitude, reducing the total wear on the landing gear and enhancing the global strength of the retraction mechanism. This landing gear retraction mechanism can then improve the ride and handling properties of advanced airplanes.
